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In this paper, a strong convergence theorem for asymptotically nonexpansive mappings in
a uniformly convex and smooth Banach space is proved by using metric projections. This
theorem extends and improves the recent strong convergence theorem due to Matsushita
and Takahashi [S. Matsushita, W. Takahashi, Approximating fixed points of nonexpansive
mappings in a Banach space by metric projections, Appl. Math. Comput. 196 (2008)
422–425] which was established for nonexpansive mappings.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let C be a closed convex subset of a real Banach space E. A mapping T : C → E is called nonexpansive if ‖Tx − Ty‖ ≤
‖x − y‖ for all x, y ∈ C . Also a mapping T : C → C is called asymptotically nonexpansive if there exists a sequence
{kn} ⊂ [1,∞)with kn → 1 as n →∞ such that
‖T nx− T ny‖ ≤ kn‖x− y‖
for all x, y ∈ C and each n ≥ 1. The class of asymptotically nonexpansivemappingswas introduced by Goebel and Kirk [1] as
an important generalization of nonexpansive mappings. It was proved in [1] that if C is a nonempty bounded closed convex
subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive self-mapping on C , then F(T ) is
nonempty closed convex subset of C , where F(T ) denotes the set of all fixed points of T . Strong convergence theorems
for asymptotically nonexpansive mappings have been investigated with implicit and explicit iterative schemes (see [2–5]
and references therein). On the other hand, using the metric projection, Nakajo and Takahashi [6] introduced the following
iterative algorithm for the nonexpansive mapping T in the framework of Hilbert spaces: x0 = x ∈ C and
yn = αnxn + (1− αn)Txn,
Cn = {z ∈ C : ‖z − yn‖ ≤ ‖z − xn‖},
Qn = {z ∈ C : ⟨xn − z, x− xn⟩ ≥ 0},
xn+1 = PCn∩Qnx, n = 0, 1, 2, . . . ,
(1.1)
where {αn} ⊂ [0, α], α ∈ [0, 1) and PCn∩Qn is the metric projection from a Hilbert space H onto Cn ∩ Qn. They proved that{xn} generated by (1.1) converges strongly to a fixed point of T . Xu [7] extended Nakajo and Takahashi’s theorem to Banach
spaces by using the generalized projection.
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Matsushita and Takahashi [8] recently introduced the following iterative algorithm in the framework of Banach spaces:
x0 = x ∈ C andCn = co{z ∈ C : ‖z − T z‖ ≤ tn‖xn − T xn‖},
Dn = {z ∈ C : ⟨xn − z, J(x− xn)⟩ ≥ 0},
xn+1 = PCn∩Dnx, n = 0, 1, 2, . . . ,
(1.2)
where coD denotes the convex closure of the set D, J is normalized duality mapping, {tn} is a sequence in (0, 1)with tn → 0,
and PCn∩Dn is the metric projection from E onto Cn ∩ Dn. Then, they proved that {xn} generated by (1.2) converges strongly
to a fixed point of nonexpansive mapping T .
In this paper, motivated by (1.1) and (1.2), we introduce the following iterative algorithm for finding fixed points of
asymptotically nonexpansive mapping T in a uniformly convex and smooth Banach space: x1 = x ∈ C, C0 = D0 = C andCn = co{z ∈ Cn−1 : ‖z − T nz‖ ≤ tn‖xn − T nxn‖},
Dn = {z ∈ Dn−1 : ⟨xn − z, J(x− xn)⟩ ≥ 0},
xn+1 = PCn∩Dnx, n = 1, 2, . . . ,
(1.3)
where coD denotes the convex closure of the set D, J is normalized duality mapping, {tn} is a sequence in (0, 1)with tn → 0,
and PCn∩Dn is the metric projection from E onto Cn ∩ Dn.
The purpose of this paper is to establish a strong convergence theorem of the iterative algorithm (1.3) for asymptotically
nonexpansive mappings in a uniformly convex and smooth Banach space. The results presented in this paper extend and
improve the corresponding ones announced by Matsushita and Takahashi [8] and many others.
2. Preliminaries
In this section, we recall thewell-known concepts and results which are needed to prove ourmain convergence theorem.
Throughout this paper, we denote by N the set of all positive integers. Let E be a real Banach space and let E∗ be the dual of
E. We denote the value of x∗ ∈ E∗ at x ∈ E by ⟨x, x∗⟩. When {xn} is a sequence in E, we denote strong convergence of {xn} to
x ∈ E by xn → x and weak convergence by xn ⇀ x. The normalized duality mapping J from E to 2E∗ is defined by
J(x) = {x∗ ∈ E∗ : ⟨x, x∗⟩ = ‖x‖2 = ‖x∗‖2}
for all x ∈ E. Some properties of duality mapping have been given in [9].
A Banach space E is said to be strictly convex if ‖(x + y)/2‖ < 1 for all x, y ∈ E with ‖x‖ = ‖y‖ = 1 and x ≠ y. A
Banach space E is also said to be uniformly convex if limn→∞ ‖xn − yn‖ = 0 for any two sequences {xn} and {yn} in E such
that ‖xn‖ = ‖yn‖ = 1 and limn→∞ ‖xn + yn‖ = 2. We also know that if E is a uniformly convex Banach space, then xn ⇀ x
and ‖xn‖ → ‖x‖ imply xn → x. Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. Then the Banach space E is said to be
smooth if
lim
t→0
‖x+ ty‖ − ‖x‖
t
exists for each x, y ∈ U . It is known that a Banach space E is smooth if and only if the normalized duality mapping J is
single-valued. Let C be a closed convex subset of a reflexive, strictly convex and smooth Banach space E. Then for any x ∈ E
there exists a unique point x0 ∈ C such that ‖x0 − x‖ = miny∈C ‖y − x‖. The mapping PC : E → C defined by PCx = x0 is
called themetric projection from E onto C . Let x ∈ E and u ∈ C . Then, it is known that u = PCx if and only if
⟨u− y, J(x− u)⟩ ≥ 0 (2.1)
for all y ∈ C (see [10,11]). The following proposition was proved by Bruck [12].
Proposition 2.1. Let C be a bounded closed convex subset of a uniformly convex Banach space E. Then there exists a strictly
increasing convex continuous function γ : [0,∞)→ [0,∞) with γ (0) = 0 depending only on the diameter of C such that
γ
T

n−
i=1
λixi

−
n−
i=1
λiTxi


≤ max
1≤i<j≤n
(‖xi − xj‖ − ‖Txi − Txj‖)
holds for any nonexpansive mapping T : C → E, any elements x1, . . . , xn in C and any numbers λ1, . . . , λn ≥ 0 with
λ1 + · · · + λn = 1. (Note that γ does not depend on T .)
Corollary 2.2. Under the same suppositions as in Proposition 2.1, there exists a strictly increasing convex continuous function
γ : [0,∞)→ [0,∞) with γ (0) = 0 such that
γ

1
km
Tm

n−
i=1
λixi

−
n−
i=1
λiTmxi


≤ max
1≤i<j≤n

‖xi − xj‖ − 1km ‖T
mxi − Tmxj‖

for any asymptotically nonexpansive mapping T : C → C with {kn}, any elements x1, . . . , xn in C, any numbers λ1, . . . , λn ≥ 0
with λ1 + · · · + λn = 1 and each m ≥ 1.
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Proof. Define the mapping Sm : C → E as Smx = 1/kmTmx, for all x ∈ C and each m ≥ 1. Then Sm is nonexpansive for
all m ≥ 1. From Proposition 2.1, there exists a strictly increasing convex continuous function γ : [0,∞) → [0,∞) with
γ (0) = 0 such that
γ
Sm

n−
j=1
λjxj

−
n−
j=1
λjSmxj


≤ max
1≤j<k≤n
(‖xj − xk‖ − ‖Smxj − Smxk‖)
for allm ≥ 1. Thus, by using the definition of Sm, we obtain the desired conclusion. 
Lemma 2.3 ([2, Lemma 1.6]). Let E be a uniformly convex Banach space, C be a nonempty closed convex subset of E and
T : C → C be an asymptotically nonexpansive mapping. Then (I − T ) is demiclosed at 0, i.e., if xn ⇀ x and xn − Txn → 0, then
x ∈ F(T ), where F(T ) is the set of all fixed points of T .
3. Strong convergence theorem
In this section, we study the iterative algorithm (1.3) for finding fixed points of asymptotically nonexpansive mappings
in a uniformly convex and smooth Banach space. We first prove that the sequence {xn} generated by (1.3) is well defined.
Then, we prove that {xn} converges strongly to PF(T )x, where PF(T ) is the metric projection from E onto F(T ).
Lemma 3.1. Let C be a nonempty closed convex subset of a reflexive, strictly convex and smooth Banach space E and let
T : C → C be an asymptotically nonexpansive mapping. If F(T ) ≠ ∅, then the sequence {xn} generated by (1.3) is well defined.
Proof. It is easy to check that Cn ∩ Dn is closed and convex and F(T ) ⊂ Cn for each n ∈ N. Moreover D1 = C and so
F(T ) ⊂ C1 ∩ D1. Suppose F(T ) ⊂ Ck ∩ Dk for k ∈ N. Then, there exists a unique element xk+1 ∈ Ck ∩ Dk such that
xk+1 = PCk∩Dkx. If u ∈ F(T ), then it follows from (2.1) that
⟨xk+1 − u, J(x− xk+1)⟩ ≥ 0,
which implies u ∈ Dk+1. Therefore F(T ) ⊂ Ck+1 ∩ Dk+1. By mathematical induction, we obtain that F(T ) ⊂ Cn ∩ Dn for all
n ∈ N. Therefore, {xn} is well defined. 
In order to prove our main result, the following lemma is needed.
Lemma 3.2. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth Banach space E and let
T : C → C be an asymptotically nonexpansive mapping with {kn} and {xn} be the sequence generated by (1.3). Then for any
k ∈ N,
lim
n→∞ ‖xn − T
n−kxn‖ = 0.
Proof. Fix k ∈ N and put m = n − k. Since xn = PCn−1∩Dn−1x, we have xn ∈ Cn−1 ⊆ · · · ⊆ Cm. Since tm > 0, there exist
y1, . . . , yN ∈ C and λ1, . . . , λN ≥ 0 with λ1 + · · · + λN = 1 such thatxn − N−
i=1
λiyi
 < tm, (3.1)
and ‖yi − Tmyi‖ ≤ tm‖xm − Tmxm‖ for all i ∈ {1, . . . ,N}. PutM = supx∈C ‖x‖, u = PF(T )x and r0 = supn≥1(1+ kn)‖xn − u‖.
Since C and {kn} are bounded, (3.1) impliesxn − 1km
N−
i=1
λiyi
 ≤

1− 1
km

‖xn‖ + 1km
xn − N−
i=1
λiyi
 ≤

1− 1
km

M + tm, (3.2)
and ‖yi − Tmyi‖ ≤ tm‖xm − Tmxm‖ ≤ tm(1+ km)‖xm − u‖ ≤ r0tm for all i ∈ {1, . . . ,N}. Thereforeyi − 1km Tmyi
 ≤ 1− 1km

M + r0tm (3.3)
for all i ∈ {1, . . . ,N}. Moreover, asymptotically nonexpansiveness of T and (3.1) give that 1km Tm

N−
i=1
λiyi

− Tmxn
 ≤

1− 1
km

M + tm. (3.4)
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It follows from Corollary 2.2, (3.2)–(3.4) that
‖xn − Tmxn‖ ≤
xn − 1km
N−
i=1
λiyi
+ 1km
 N−
i=1
λi

yi − Tmyi

+ 1
km
 N−
i=1
λiTmyi − Tm

N−
i=1
λiyi
+
 1km Tm

N−
i=1
λiyi

− Tmxn

≤ 2

1− 1
km

M + 2tm + r0tmkm + γ
−1

max
1≤i<j≤N

‖yi − yj‖ − 1km
Tmyi − Tmyj
≤ 2

1− 1
km

M + 2tm + r0tmkm + γ
−1

max
1≤i<j≤N
yi − 1km Tmyi
+ yj − 1km Tmyj

≤ 2

1− 1
km

M + 2tm + r0tmkm + γ
−1

2

1− 1
km

M + 2r0tm

.
Since limn→∞ kn = 1 and limn→∞ tn = 0, it follows from the last inequality that limn→∞ ‖xn − Tmxn‖ = 0. This completes
the proof. 
Theorem 3.3. Let C be a nonempty bounded closed convex subset of a uniformly convex and smooth Banach space E and let
T : C → C be an asymptotically nonexpansive mapping and let {xn} be the sequence generated by (1.3). Then {xn} converges
strongly to the element PF(T )x of F(T ), where PF(T ) is the metric projection from E onto F(T ).
Proof. Put u = PF(T )x. Since F(T ) ⊂ Cn ∩ Dn and xn+1 = PCn∩Dnx, we have that
‖x− xn+1‖ ≤ ‖x− u‖ (3.5)
for all n ∈ N. By Lemma 3.2, we have
‖xn − Txn‖ ≤ ‖xn − T n−1xn‖ + ‖T n−1xn − Txn‖
≤ ‖xn − T n−1xn‖ + k1‖T n−2xn − xn‖ → 0 as n →∞.
Since {xn} is bounded, there exists {xni} ⊂ {xn} such that xni ⇀ v. It follows from Lemma 2.3 that v ∈ F(T ). From the weakly
lower semicontinuity of norm and (3.5), we obtain
‖x− u‖ ≤ ‖x− v‖ ≤ lim inf
i→∞ ‖x− xni‖ ≤ lim supi→∞ ‖x− xni‖ ≤ ‖x− u‖.
This together with the uniqueness of PF(T )x, implies u = v, and hence xni ⇀ u. Therefore, we obtain xn ⇀ u. Furthermore,
we have that
lim
n→∞ ‖x− xn‖ = ‖x− u‖.
Since E is uniformly convex, we have that x− xn → x− u. It follows that xn → u. This completes the proof. 
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